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A method is p roposed  for  the approx imate  solution of nonsteady heat-conduct ion p r o b l e m s  un- 
der  the nonsymmet r i c  and t i m e - v a r i a b l e  boundary conditions of the third kind, appl icable  to 
bodies  of a r b i t r a r y  shape.  

The solution presented in [I] for the problem of a nonsteady temperature field under the nonsymmetric 
conditions of heat transfer, on which [2] is based, makes it possible to calculate the temperature fields in 
a plate only under the condition that the temperatures of the media are constant. 

It was demonstrated in [3] that for the solution of problems of nonsteady heat conduction under time- 
variable boundary conditions it is necessary and sufficient to find a number of solutions for the problems 
under constant boundary conditions. 

These solutions should be treated as generalized functions or thermal characteristics of the body, 
whose use will make it possible to solve the problems under variable boundary conditions. 

The proposed study is a further development of [3] and contains a discussion of the approximate nu- 
merical method for the solution of heat-conduction problems in bodies of both classical and arbitrary shape 
under nonsymmetric and time-variable conditions of heat transfer at the boundaries. 

In examining problems with heat transfer at two contours, we note that the generalized temperature 
functions (thermal characteristics) for the characteristic points of the body arc evidently functions of the 
form 

0 =  f (Bil, Bili, Fo). 

We will present @- as the sum 0 = 0-* (Bi I, Fo) + A ~* (Bi I, Biii , Fo). Here 0* (Bi I, Fo) denotes tlhe so- 
lutions derived for the case in which there is no heat transfer at the second contour Biii = 0~ and we will 
regard these as reference functions. Then A O* yields a correction factor for the effect of heat transfer at 
the second contour and will be a function of Biii with respect to the parameter Bi I. The numerical values 
of the function A O* for fixed values of Fo are defined as the difference between 0 and O* for specified values 

of Bi I and Biii. 

If the functions 0* are independent of the temperature tmi of the medium and of t i for the initial dis- 
tribution, the functions A 0* cam~ot treated as independent of the ratio tml I- ti/tmi- t i = Uml I, since in 
the general case tmIff) ~ trail(T). If we define the function A0* for two fixed values of Umi I, e.g., AO~[BiI, 

Biii, Fo, UmiI(a)] and AO~[Bi I, Biii, Fo, UmiI(b)], where Umii(a) is the value of Umi I for tmi I = tmi, and 
UmIi(b) when t mli = t i, under the conditions of linear interpolation in the interval from Umii(a) to Umii(b) 
the function A 0* for any value of Umi I can be found as 

[Until (a) -- UmII] AO/-- [~nII (b) -- UmII] AOa 
AO* [Bii , Bill, Fo, UmlI] = Umzi (a) - -  U=u(b) 

k s demonstrated by the results of the investigation, the !inear interpolation yields the values of A 0* 
which satisfy the requirements of accuracy for engineering calculations. 
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T A B L E  1. The Funct ions  & ~* = f [Bi I, B i l l ,  Fo]  for  the  Point  at a D i s -  

t a n c e  x/6 = 0.5 f r o m  the Edge of the  P l a t e  when U m i  I = 100% a n d  U m i  I 
= 0% 

BiI=l; Biii~0,25 BII=I; Bili =1 Bii=l; Bili=2 Bii~l; Bin=4 ] BiI=l; BilI=8 
Fo - -  

~0a(100) AOb (01 A0a(100) l&Ob (o) &(}a(lOO) ] A0b (o) A()~(10o) A()b (o)/ A(~(100)] A0D (0) 

0,016 
0,04 
0,08 
0,159 
0,240 
0,319 
0,400 
0,557 
0,795 

0 
0 

0,002 
0,022 
0,035 
0,056 
0,072 
0,087 
0,102 

0 
0 
-0,004 
-0,005 
-0,008 
0,010 
0,015 
.0,018 
.0,037 

0,~03 --~, 0021 
0,026 I-o,oo51 
o,o8~ 1-O,Oll 
0,133 --0,014] 
0,178 --0,020 
0,210 --0,024 
0,246 --0,053 I 
0,274 --0,099 

0 
0,01 
0,051 
0;160 
0,229 
0,290 
0,331 
0,375 
0,385 

0 

--0,002 
--0,005 
--0,010 
--0,014 
--0,020 

--0,025 
--0,061 
--0,125 

0 
0,028 
0, I01 
0,245 
0,325 
0,388 
0,430 
0,460 
0,454 

0 
--0,002 
--0,004 
--0,010 
--0,014 
--0,023 
--0,034 
--0,080 
--0,160 

o I o 
0,028 --0,002 
0,126 --0,004 
0,280 [--0,010 
0,385 I--0,015 
0,448 I--0,031 
0,486 --0,048 
0,504 --0, t00 
0,474 I--0,194 

Bii=2; Bili=0,25 BliP2; Bili~l . . . . . .  BiI=2; Bin=2 Bii=2; Bili=4 BliP2; Bili =8 

0,016 
0,04 
0,08 
0,159 
0,240 
0,319 
0,400 
0,557 
0,795 

0,0 
0,0 
0,008 
0,028 
0,045 
0,059 
0,073 I 
0,087 
0,102 

0 0 
0 0,005 
0 0,032 
0 0,097 
O,OOf 0,146 
0,002 0,180 
0,00~ 0,208 
0,014 0,237 
0,045 0,220 

0 0 
0 0,010 

--0.002[ 0,061 
--0,003[ 0,155 
--0.004I 0,223 
--0.012[ 0,264 
--0,025[ 0,294 
--0.049] 0,310 
--0.120I 0,270 

0 0 : 0 { 
0 I 0,02 0 

--0,004 ] 0,097 ] --0,002 
-o ,oo8 j 0,230 ! -o ,oo3  
--0,014[ 0,319--0,008 
--0,034 ] 0,366 --0,033, 
--0,047 [ 0,393 --0,053. 
--0,096 0,397 --0,1104 
--0,189 0,332 --0,229 

I 

0 
0,032 
0,137 
0,295 
0,386 
0,428 
0,445 
0,432 
0,338 

0 
0 

--0,002 
--0,006 
--0,015 
--0,042 
--0,067 
--0,136 
--0,264 

. . . .  Bii=4; Bili=0,25 Bii=4; Bili=l Bii~4; Bili=2 Bii=4~ B!ii=4 BI[=4; Bili=16 

0,016 
0,04 
0,08 
0,159 
0,240 
0,319 
0,400 
0,557 
0,795 

0 0 
0,005 0 
0,018 0 
0,025 0 
0,043 0,002 I 
0,049 0,005 I 
0,060 -0,012 / 
0,059 .0,032 
0,053 .0,059 

0 
0,010 
0,041 
0,091 
0,136 
0,160 
0,180 
0,175 
0,150 

0 
0 
0 
0,003 
0,007] 
0,0251 
0,035 

0,079! 
0,148 

0 
0,020 
0,075 
0,169 
0,239 
0,270 
0,288 
0,267 
0,205 

0 
0 
0 
-0,004 
�9 
0,041 
-0,063 
�9 
.0,225 

~oaOoo) ~6~ (o) i ~o#1oo) 

0 0 
0,030 0,05 
0,094 0. 175 
0,214 --0 004 0,335 
0,292 --0 017 0,408 
0,323 --0 04~ 0,425 
0,335 --0 07~ 0,415 
0,303 --0 15~ 0,355 

0,222 --0 26~ 0,247 

0 
0 
0 

--0,004 
--0,022 
--0,065 
--0,105 
--0,195 
--0,317 

It i s  obv ious  that for a f lat p late  the funct ions  A~*  can be  d e r i v e d  if f r o m  the so lut ion  of [2] for f ixed  
v a l u e s  of Bi  I and B i i i  w e  subtrac t  the c o r r e s p o n d i n g  so lu t ions  for the plate  [4] for  the s a m e  v a l u e s  of Bi  I. 

To d e r i v e  the funct ions  -0" and A ~ * ,  w e  u s e d  an analog c o m p u t e r .  

In d e t e r m i n i n g  the t h e r m a l  c h a r a c t e r i s t i c s  (the funct ions  O* and A 0") at the c h a r a c t e r i s t i c  point on 
b o d i e s  of c o m p l e x  conf igurat ion  with  heat  t r a n s f e r  at two contours ,  the e x p e r i m e n t s  on the analog c o m p u t e r  
m a y  be f o r m u l a t e d  so  that it b e c o m e s  p o s s i b l e  to find both O~" = f(Bi  I, Fo),  and 5 ~ *  = f(Bi l i ,  Fo) with r e s -  
pec t  to the p a r a m e t e r  Bi  I.  

The  n u m e r i c a l  v a l u e s  of e *  for Bi  I = cons t  in the c a s e  of a s e r i e s  of v a l u e s  for  Fo a r e  d e t e r m i n e d  
f r o m  the r e s u l t s  of the e l e c t r i c a l  m o d e l i n g  

0-* (Bit, Fo) = Us (Fo) - -  U i 
Um:~ - -  U.  
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Fig. 1. The functions ~ = f(Bii) with r e s -  
pect to the pa rame te r  Fo for a point sepa-  
ra ted f rom the edge of the plate through a 
distance x/6 = 0.5: 1) Fo = 0.04; 2) 0.08; 
3) 0.159; 4) 0.240; 5) 0.319; 6) 0.400; 7) 
0.557; 8) 0.795. 

The numerical values of the functions A ~* when 

Biii = const and for fixed values of Bi I and Umii(a ) for a 
number of Fo values are found as 

~ ~ v~o (Fo) -- U~ (~o) 

Analogously we determine the function AB* for Umii(b) 

U~ (Fo) - -  Ui (Fo) 
AOb = 

UmI - -  U i 

With the functions &O~ and A ~  we find AO* = f(Bii, Biii, 

Fo, Umi I) for any Umi I. 

The range of the investigations on the analog com-  
puter must  be such that all of the values of the functions 
6 = f(Bi I, Biii, Fo) can be determined by interpolation of 
the functions O* and A0* in the intervals  of variat ion in 

Bi I and Biii. 

we will demonstrate through a series of examples that if for the characteristic points we have found 

the function~*, through application of the method described in [3] it is possible to solve the problem of a 

nonsteady temperature field under the nonsymmetric eonditions of heat transfer. 

Let us examine an unbounded plate. As was noted earlier, the functions 8" and A 8" for the plate can 

be found from the solutions given in [2] and [4]. At the same time, they can be found by the method of elec- 

trical modeling for a body of arbitrary configuration as well. 

We note that if we find the numerical values of 0* = f(Bi I, Fo) as a result of electrical modeling for 

fLxed values of Bi I, we can rationally construct a family of the functions 0* = f(]3il) with respect to the Fo 

number (see Fig. i), since in this case for any Bi I we can find, from the graph, the numerical values of 

0* for fixed values of Fo. 

For the point situated at a distance x/6 from the edge of the plate, in Table 1 we present the functions 
AO* derived from processing the electrical-modeling data relating to problems of heating with nonsymmet- 

ric but time-constant boundary conditions of heat transfer for the cases in which Umii(a) = 100% and Umii(b) 

= 0%. 

We will test the numerical method proposed in [3] for the calculation of the nonsteady temperature 

field in a solid under nonsymmetric conditions of heat transfer at the boundary on the example of a problem 

whose solution is given in [1]. Having replaced the continuous functions Bi I = 4 - 3 exp (- 2 Fo) and Biii 

-- 2 - 1.5 exp (- Fo) with piecewise-step functions, for fixed values of Bi I and BiIi we will determine the 

function 0 (see Table 2). Using the method from [3], we find the change in the relative temperature at the 

point x/6 = 0.5 and we compare with the results from [i] (see Table 3a). We will demonstrate that the rec- 

ommended method of numerical solution for problems of nonsteady heat conduction is suitable not only for 

the case of the time variables Hi I = fl(T) and BiIi = f2(T), but also for the variable temperatures of the media. 

We will solve numerically and compare with the results derived from the analog modeling of the prob- 

lem of nonsymmetric heating of a plate for the case in which the coefficients of heat transfer at the bound- 

aries remain constant and it is only the temperatures of the media that vary with time, Comparison of the 

solutions is given for the point x/5 = 0.5. The conditions at the boundaries are formulated as follows: 

Bi I= 4; Bi H= 16; 

tml = 420 + 285.Fo when 0 .~ Fo ~ 0.24, 

tml = 454.5 + 146.5.Fo when 0.24 .~ Fo .~ 0.8, 

Imll = 330 + 71.2.Fo when 0 ~ Fo.~ 0.24, 

trmi~ 339+36.7.Fo when 0.24.~Fo~0.8. 

The initial distribution is uniform, i.e., t i = 300~ 

The laws governing the change in the temperatures tmi = f0") and tmi I = f(r) were chosen so that the 
ratio tmi I- ti/tmi - t i remains constant throughout the entire time during which the problem is being solved. 
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T A B L E  3. C o m p a r i s o n  of V a r i a t i o n s  in  T e m p e r a t u r e  a t  a P o i n t  a t  a D i s t a n c e  x /5  = 0 .05 f r o m  t h e  E d g e  of t he  

P l a t e  in P r o b l e m s  w i t h  N o n s y m m e t r i e  C o n d i t i o n s  of  H e a t  T r a n s f e r  

Fo 0,05 0,1 0,15 0,20 0,25 0,30 0,35 

tm I 

l ~  - -  t t 

t,~1i --  t~ 
t~, I --  t i 

Bi I. 

B ili 

Tp/tml 

T / t.~I* ) 

1,17  

0,58 

0,01 

O, 208 

1,5 

0,58 

0,07 

0,256 

O, 258 

1,74 

0,735 

0,147 

0,318 

1,92 

0,735 

0,222 

0,377 

0,369 
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0 

0,01 
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396 
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159 
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i 
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*The values of T/TmI taken for [1] have been calculated in accordance with Vanichev. 
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Fig. 2. Specification of the boundary conditions of heat transfer on 
the model of a lateral cross section of the housing: I) change inheat- 
transfer intensity at the inside contour, Bii; 2) the same, at the out- 
side contour, Bill; 3) change in the temperature of the medium (~ 
at the inside contour (tmi~); 4) the same, at the outside contour (tmii). 

Fig. 3. Comparison of the change in temperature at point a in Fig. 2 
in the heating regime, as derived by calculation and electrical modeling 
(the curve denotes calculation; the points denote the values of the tem- 
perature at individual instants of time, found through modeling on a 
USM-I analog computer). 

In this case there was a substantial simplification in the definition of the function A 0* = f [Bi I, Biii, Fo, 
Umii], since _Umi I = const. Using the data of Fig. I and Table i, let us determine the numerical values of 
the functions 0 with Bi I = 4 and Biii = 16 for a number of fixed values of Fo. 

We will replace the continuous function tmi = f0") with a pieeewise-step function with constancy inter- 
vals equal to Fo = 0.02 at the beginning and Fo = 0.08 at the end of the investi~,ated heating regime. 

The results from the comparison of the solutions are shown in Table 3. It is obvious that if for the 
characteristic point of a body of complex configuration with heat transfer at two contours, e.g., the lateral 
cross section of the casing of a steam turbine (see Fig. 2) if the analog computer as a result of electrical 
modeling yields the functions O* and A 0", without resorting to the modeling, it is possible to solve a prob- 
lem relating to a nonsteady temperature field for some arbitrary time variation in the conditions of heat 
transfer at the boundaries. To alter the boundary conditions in accordance with Fig. 2, we compared the 
solutions obtained on the USM-I with the numerical results found from the above-described methods (see 
Fig. 3). The comparison of the numerical results through the utilization of the method described in [3] and 
the solutions derived by analytical methods for bodies of classical shape, as well as those found on the 
analog computer for bodies of complex configuration under time-variable boundary conditions of heat trans- 
fer thus makes it possible to state that the proposed method of solving problems of nonsteady heat conduction 
expands the potential for the more complete and integrated utilization of analog and digital computers in 
power engineering, separating the problems so that the analog computer is used exclusively for preparation 
of information for the digital computer. 

tml 0") 
tmi I (T) 
5 

X 

U 1 (Fo) 

NOTATION 

is the temperature of the medium at the first contour; 
is the temperature of the medium at the second contour; 
is the thickness of the plate; 
is the distance from the first contour to the point under consideration; 
is the potential measured at the point in modeling the problem of heat transfer at only the first 
contour on an analog computer; 
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U2a (Fo) is the potent ial  m e a s u r e d  at that s a m e  point, with modeling of the p rob l em with 
heat  t r a n s f e r  at two contours ,  when tmi  I = tmi; 

U2b(FO ) is the potent ial  m e a s u r e d  at that s ame  point, in modeling the p r o b l e m  with heat 
t r a n s f e r  at two contours ,  when tmi  I = ti; 

Tea l  = @ e i r ( t m I -  ti) + ti denotes the t e m p e r a t u r e  of the body at the point, as  der ived numer ica l ly ;  
Ts  is the t e m p e r a t u r e  of the body at the point, der ived by s imulat ion (modeling). 

I, 

2. 
3, 
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